THE LEX-PLUS-POWER INEQUALITY FOR LOCAL COHOMOLOGY 

MODULES 



GIULIO CAVIGLIA AND ENRICO SBARRA 

Abstract. We prove an inequality between Hilbcrt functions of local cohomology modules 
supported in the homogeneous maximal ideal of standard graded algebras over a field, within 
the framework of cmbcddings of poscts of Hilbert functions. As a main application, we obtain 
a positive answer to an analogous of Evans' Lex-Plus-Power Conjecture for local cohomology 
and also to some cases of the classical Lex-Plus-Power Conjecture for Betti numbers. 



Introduction 

The Eisenbud-Green-Harris (EGH) and Evans' Lex-Plus-Power (LPP) conjectures are 
two open problems in Algebraic Geometry and Commutative Algebra which are challeng- 
ing and of great interest to researchers in these fields, cf. [EiGrHai] . |EiGrHa2] . |MePeSt j . 
|MeMu] . [FrRij . jPe] . |GaMa] . [CE] . [Pr], [Hp, [Riga] . The survey jPeSt] . which includes the 
two conjectures above, might offer the interested reader an overview of questions which are 
currently considered to be significant for the classification of Hilbert functions and the study 
of modules of syzygies. A milestone on this subject is yielded by the work of Macaulay, 
cf. [Ma] or the dedicated sections in [BrHej . where the sequences of numbers which are 
possible Hilbert functions of standard graded algebras over a field are characterized, the 
characterization having made possible by the introduction of a special class of monomial 
ideals called lexicographic ideals (lex-segment ideals for short). More precisely, all the pos- 
sible Hilbert functions of standard graded algebras over a field are attained by quotients of 
polynomial rings by lex-segment ideals. In the 60 's, some forty years after Macaulay 's work, 
Kruskal-Katona Theorem |Krj . [Ka] provided another fundamental classification result, that 
of /-vectors of simplicial complexes, and shortly after it was generalized by the Clements- 
Lindstrom Theorem [CILij . Both Kruskal-Katona and Clements-Lindstrom Theorems ex- 
tend Macaulay Theorem from graded quotients of A = K[X\, . . . , X n ] to graded quotients of 
R = A/a, where a = (Xf 1 , . . . , X* - ) with d x = ■ ■■ = d r = 2 and 2 < d 1 < ■ ■ ■ < d r resp., by 
stating that all the possible Hilbert functions are those attained by quotients whose defining 
ideals are images in R of lex-segments ideals of A. Inspired by these results and driven by 
the idea of generalizing the famous Cayley-Bacharach Theorem, Eisenbud, Green and Harris 
[EiGrHalj . |EiGrHa2] conjectured among other things what is currently known as EGH: Let 
f = fi , . . . , f r be a regular sequence of homogeneous polynomials of degrees d\ < ■ ■ ■ < d r in 
A. Then, for every homogeneous ideal I C A containing f , there exists a lex-segment ideal 
L of A such that / and L + (Xf 1 , . . . , X^ r ) have the same Hilbert function. Since then, the 
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conjecture has been proven only in some special cases, cf. [CaMaj . |Ch] and [FrRi] . 
Furthermore, starting in the early 90's, lex-segment ideals - and other monomial ideals with 
strong combinatorial properties - have been studied extensively; properties of lex-segment 
ideals have been generalized and studied also in other contexts, see for instance [ArHeHil] . 
[ArHeHi2] . generating a very rich literature on the subject. Among other results of this kind, 
we recall the following ones. The lex-segment ideal in the family of all homogeneous ideals 
with a given Hilbert function has largest Hilbert functions of local cohomology modules, 
which was proved in |Sbj . Also, it has largest graded Betti numbers, as it was shown [Bi] . 
[Huj and |Paj . In a different direction these are other extensions of Macaulay's result. Evans' 
Lex-Plus-Power Conjecture extends in this sense the Eisenbud-Green-Harris Conjecture to 
Betti numbers, by asking whether, in case EGH holds true, a Bigatti-Hulett-Pardue type 
of result holds as well, i.e. LPP: Suppose that a regular sequence f verifies EGH; then the 
graded Betti numbers over A of every homogeneous ideal I containing f are smaller than or 
equal to those of L + (X^ 1 , . . . , Xf r ). The conjecture is known in some few cases, the most 
notable one is when f is a monomial regular sequence, which is solved first in [MePeStj when 
d± — ■ ■ ■ — d r — 2 and then in general in |MeMuj . 

We now take a step back, and recall that the graded Betti numbers j3^(A/I) are precisely 
the dimension as a i^-vector space of Torf(A/I,K)j. In other words, once we have fixed 
i, we can think the sequence of f3^(A/I) as the Hilbert function of Torf (A/I, K), which is 
computed by means of a minimal graded free resolution oi A/I. If we let Hilb (M) denote the 
Hilbert series of a graded module M, then we may restate LPP as coefficient-wise inequal- 
ities between the Hilbert series of such Tor's: if f satisfies EGH then for all homogeneous 
ideals I oi A containing f 

(LPP) Hilb (Torf (A/I, K)) < Hilb (Torf (A/(L + (Xf\ X^)), K)) , for all i. 

In this paper we study analogous inequalities for Hilbert series of local cohomology modules. 
Let H^(») denote the i th local cohomology module of a graded object with support in the 
graded maximal ideal. One of our main results is Theorem 14.4} where we show that, if the 
image of f in a suitable quotient ring of A satisfies EGH then for all homogeneous ideals / 
of A containing f 

(TheoremSa]) Hilb (H^(A/I)) < Hilb (H l m (A/(L + (Xf\ X^)))) , for all i. 

Our approach makes use of embeddings of Hilbert functions, which have been recently in- 
troduced by the first author and Kummini in [CaKuj with the intent of finding a new path 
to the classification of Hilbert functions of quotient rings. Since EGH may be rephrased 
by means of embeddings, as we explain in Section 2, it is natural to study inequalities of 
the above type in this generality. In this setting we prove our main result Theorem 13.34 
which implies Theorem 14.41 We let R, S be standard graded X-algebras such that R em- 
beds into (S, e), see Definition 12.31 We also assume that, for all homogeneous ideals / of 
R, Hilb (H l mR (R/I)) < Hilb (i/^S/e^))) for all i. Then, Theorem O states that the 
polynomial ring R[Z] embeds into (S[Z],ei) and, for all homogeneous ideals J of S[Z] and 
for all i, 

Hilb (K r[z] (R[Z]/J)) < Hilb (H^JSiZye^J))) . 
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Finally, in Theorem 15.21 we prove LPP for extremal Betti numbers: If the image of f in a 
suitable quotient ring of A satisfies EGH then, for all homogeneous ideals I of A containing 
f and for all corners of S/e(I), 

Hilb (Torf (A/I, K)) < Hilb (ibrf (A/(L + (Xf\ . . . , X*)), K)) . 

This paper is structured as follows. In Section 1 we introduce some general notation and 
we discuss the basic properties of certain ideals called Z-stable, together with all the related 
technical results needed, such as distractions. In Section 2 we provide a brief summary of 
embeddings of Hilbert functions and we recall in Theorem l2.2l a General Restriction Theorem 
type of result proved in [CaKuj . This is aimed at setting the general framework for our main 
theorem and leads to the proof of Proposition 12.61 which is the other main tool we need. 
Section 3 is devoted to our main theorem, Theorem 13.11 We show there that if a ring 
R admits an embedding of Hilbert functions and its embedded ideals e(I) maximize all the 
Hilbert functions of local cohomology modules H l m (R/»), the same is true for any polynomial 
ring with coefficients in R. In Section 4 we explain how to derive from Theorem 13. H our main 
corollary, Theorem 14.41 a lex-plus-power type inequality for local cohomology which justifies 
the title. Finally, in the last section we prove the validity of LPP for extremal Betti numbers 
in Theorem 15.21 

1. Z-STABILITY 

1.1. Notation. Let N be the set of non-negative integers, A = K[X\, . . . , X n ] be a polyno- 
mial ring over a field K and R = (Bj^nRj = A/a be a standard graded algebra. We consider 
the polynomial ring R[Z] with the standard grading. When I is an ideal of R[Z], we will 
denote by / its image in R under the substitution map Z i— > 0. With Hilb (M) we denote the 
Hilbert series of a module M which is graded with respect to total degree and with Hilb (M) ■ 
its j th coefficient, i.e. the j th value of its Hilbert function. Accordingly, Hilb (M) 9 will denote 
the Hilbert function of M. We say that an ideal / of R\Z\ is Z-graded if it can be written as 
0heN I(h)Z h , where each I^ h \ is a homogeneous ideal of R. In particular a Z-graded ideal of 
R[Z] is homogeneous. We will denote with triR and m^r^i the homogeneous maximal ideals 
of R and R[Z] respectively. 

1.2. Z-stability. The following definition was introduced in [CaKuj . 

Definition 1.1. Let / = feeN i^Z h be a Z-graded ideal of R[Z]. We say that / is Z-stable 
if, for all k > 0, we have I(fc + i)TtlR C 1^. 

The simplest example of a Z-stable ideal is the extension to R[Z] of an ideal J of R, in which 
case JR[Z] = ©^gn JZ h . It is easy to see that Z-stable ideals are fixed under the action 
on R\Z\ of those coordinates changes of K[Xi, . . . , X n , Z] which are both homogeneous and 
i?-linear. 

Remark 1.2. (a) Let J be a Z-stable ideal of R\Z\ and let us write the degree d compo- 
nent Id of J as a direct sum of vector spaces Vd ® Vd-\Z © • • • © V Z d . It follows directly 
from Definition 11.11 that, for all j = 0, . . . , d, the j th component of the i?-ideal generated by 
0°L O Vj is the vector space Vj . 
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(b) It is immediately seen that the ideal I : Z — ®henhh+i)Z h is Z-stable as well. Fur- 
thermore, we observe that I : Z — I : vcimz]] one inclusion is clear and the other follows 
from 

m m (I : Z) = 1 {h+ i } (m R + Z)Z h C I {h) Z h + I {h+1) Z h+l C /. 
hen hen hen 

In particular, J sat := Ui(7 : Wr[z\) = Ui(7 : Z*) =: 7 : Z°° is a Z-stable ideal. 

The next result about Z-stable ideals will be used later in the paper. 

Lemma 1.3. Let I and J be Z -stable ideals of R[Z] with Hilb = Hilb (J) i for all i > 0. 
Then, Hilb (l) . = Hilb (j) /or all j > 0. 

Proof. Since z ^> 0, we may assume that there is no generator of I or J in degree % and 
above. As in Remark 11.21 (a), we denote the vector space of all homogeneous polynomials in 
I of degree % by ij, and we write it as direct sum of vector spaces V{ © Vi-\Z © • • ■ © V Z\ 
From the definition of Z-st ability it follows that Ii(m.R[z])i Q K(tti^)i ffi/jZ. Hence, we get a 
decomposition of the vector space as direct sum /j(m.^)i©/jZ = I i+1 (BliZ. Similarly, we 
can write Jj + i as Jj + i © JjZ and now the conclusion follows easily from the hypothesis. □ 

1.3. Distractions. Let J be a Z-graded ideal of R[Z] and let I = l + Z be an element of R[Z] 
with I G R\ (and possibly zero). Given a positive degree d we define the (d, I) -distraction of 
/, and we denote it by Dun(I), 



h-l 



D W) {I):= I {h) Z h ®l\@I {h) Z 

0<h<d \d<h 

It is not hard to see that D( d ^(I) is an ideal of R[Z] with the same Hilbert function as /, 
see [CaKuj Lemma 3.16 and also [BiCoRo] for more information about general distractions 
of the polynomial ring A. To our purposes, it is important to notice that D^,i){I) can be 
realized in two steps as a polarization of / followed by a specialization. In order to do so, 
we first define J to be the ideal of R[Z, T] generated by @ 0<h<d I^Z h ©T (® d<h I(j^Z h ~ x \ . 
Notice that the Hilbert function of J is the same as the one of IR[Z,T]. This implies that 
T — Z and T — I are R[Z, T]/ J-regular, and thus there exist isomorphisms 

(1.4) R[Z, T]/( J +{T-Z))~ R[Z]/I, R[Z, T]/( J + (T — I)) ~ R[Z]/D W) (I). 
We now define a partial order -< on all the Z-graded ideals of R\Z\ by letting 

(1.5) J ■< L iff Hilb ( J {k) Z k J < Hilb ( L {k) Z k J for all h, 

\k<h J \k<h J 

where fc </j J(k)Z k and ® k<h L^)Z k are considered as graded i?-modules with degZ fc = k. 
We write J -< L when J < L and at least one of the above inequalities is strict. Let now I 
be a Z-graded ideal of R\Z\ and consider the partially ordered set X of all Z-graded ideals 
of R[Z] = A/a[Z] with the same Hilbert function as I. We claim that X has finite dimension 
as a poset, i.e. the supremum of all lengths of chains in X is finite. To this end, we fix a 
monomial order r on A and we compute the initial ideal with respect to r of the pre-image 
in A\Z\ of every ideal in X. In this way, we have constructed a set J of monomial ideals in 
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A[Z] all with the same Hilbert function, say H. By Macaulay Theorem, this set is finite, for 
the degrees of the minimal generators of an ideal in J are bounded above by the degrees 
of the minimal generators of the unique lex-segment ideal with Hilbert function H . Since 
every chain of X lifts to a chain in J , our claim is now clear. 

Proposition 1.6. Let I be a Z-graded ideal of R[Z] and let oj = (1, . . . , 1, 0) be a weight 
vector. If I is not Z -stable, then there exist a positive integer d and a linear form I =1 + Z 
with I G i?i such that I -< in a; (Z)^)(7)). 

Proof. We write I as fegN T^Z' 1 and we let d > be the least positive integer such that 
I{d)W-R % I{d-i)- Thus, there exists an indeterminate Xj of A such that I(d)Xj % I(d-i)] 
therefore we can define I to be the image in R[Z] of Xj + Z and D^,i) to be the corresponding 
(d, /)-distraction. Since D^,i)(®j<i RZ^) C J<i i?Z J for all i, we have I z< m u (D^(I)) =: 
J. Furthermore, I(d-i) Q J(d-i) an d I{d)Xj C J^-i)- Since I(d)Xj % I(d-i) we deduce that 
I(d-i) £ J{d-i), hence I -< J as desired. □ 

From now on, H^(») will denote the i th local cohomology with support in the homogeneous 
maximal ideal m of a standard graded J\"-algebra. 

Proposition 1.7. Let I be a homogeneous ideal of R[Z]. Then, there exists a Z -stable ideal 
J of R[Z] with the same Hilbert function as I such that 

Hilb (H; nR[z] (R[Z}/I)) < Hilb (Hi R[z] (R[Z]/J)) , for all i. 

Proof. By [Sb] Theorem 2.4, Hilb (w mR[z] (R[Z]/I)) < Hilb (W mR[z] (R[Z}/ in^I))) where 
oj = (1, . . . , 1, 0), and thus without loss of generality we may assume that I is Z-graded. 
Let now X be the set of all Z-graded ideals of R[Z] with same Hibert function as I and 
J G X be maximal - with respect to the partial order -< defined in (11.51) - among the 
ideals of X which satisfy Hilb [h 1 (R[Z}/I)) < Hilb [H 1 (R[Z}J J)) for all i. We claim 
that J is Z-stable. If it were not, by Proposition 11.61 there would exist a positive integer 
d and a linear form I such that J -< m u (D^ t i)(J)). By (jl.4p together with [Sb] Section 

5, we have Hilb (R[Z}/.J)) = Hilb (R[Z]/D w) ( J))) . By [Sb] Theorem 2.4, 

m. u (D(d t i)(J)) G X, contradicting the maximality of J. □ 

2. Embeddings and the General Hyperplane Restriction Theorem 

Let B = K[X±, . . . , X n ] be a standard graded polynomial ring over a field K, b a homo- 
geneous ideal of B and S = B/b. Denote by Xs the poset {J: J is a homogeneous S'-ideal} 
ordered by inclusion, and with %$ the poset {Hilb (J). : J G X^} of all Hilbert functions 
of the ideals in Xs with the usual point-wise partial order. Following |CaKu] we say that S 
admits an embedding if there exists an order preserving injection e: Hs — > Xs such that 
the image of any given Hilbert function is an ideal with that Hilbert function. We call any 
such e an embedding of S. A ring S with a specified embedding e is denoted by (S, e) and, for 
simplicity's sake, we also let e(J) := e(Hilb (/).), for every I G Xs- The notion of embedding 
captures the key property of rings for which an analogous of Macaulay Theorem holds. 
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Examples 2.1 (Three standard examples of embedding). In the following we present some 
results that can be re-interpreted with the above terminology. 

(a) Let S = B and define e: Us — > Is as e(Hilb (/).) := L, where L is the unique lex- 
segment ideal with Hilbert function Hilb (/).. The fact that this map is well-defined is just 
a restatement of Macaulay Theorem. 

(b) Let S = B/b, where b = (Xf 1 , . . . ,Xf r ) and d\ < ■ ■ ■ < d r . Let / be a homogeneous 
ideal of S, by Clements-Lindstrom Theorem [CILij there exists a lex-segment ideal L C B 
such that Hilb (/) = Hilb (LS). Since LS is uniquely determined by Hilb (/), we may define 
e(Hilb (/).) := LS. 

(c) Let m be a positive integer and S = B^ = d>o B md the m th - Veronese subring of B. 
Let J be a homogeneous ideal of S. Then, by |GaPeMu] . there exists a lex-segment ideal L 
of B such that Hilb (I) = Hilb ((Bd>o L m dJ and we define e(Hilb (/).) := (Bd>oLmd- 

We observe that in all of the above examples the image set of e consists of the classes in S of 
lex-segment ideals; rings with this property are called Macaulay-Lex, cf . for instance |MePe] . 

These examples can be derived by general properties of embeddings proved in [CaKuj . For 
instance, if we let (S, e) be a ring with an embedding then: 

(i) the polynomial ring S[Z] admits an embedding and if e is defined by means of a lex- 
segment as in (a) and (b) then so is the extended embedding on S[Z]; 

(ii) when T-Ls[z]/(z d ) — {Hilb ( JS[Z}) 9 : J is Z-stable}, the ring S[Z]/(Z d ) admits an em- 
bedding as well. By an iterated use of this fact, starting with S = K, one can recover (b); 

(iii) any Veronese subring of S admits an embedding inherited from (S, e); 

(iv) S/e(I) admits an embedding induced by e; 

(v) when b is monomial and c C T is a polarization of b, then T/c admits an embedding. □ 

The following theorem generalizes to rings with embedding |HePo] Theorem 3.7 (see also 
|Gaj Theorem 2.4) valid for polynomial rings. 

Theorem 2.2 (General Restriction Theorem). Let (S,e) be a standard graded K-algebra 
with an embedding and S[Z] a polynomial ring in one variable with coefficients in S . There 
exists an embedding e x : Hs[z] — > -^s[z] such that = 0^ J{h)Z h is a Z -stable ideal with 
e (J{h)) — J{h)- Moreover, if I is Z-stable, then 

Hilb (/ + (Z j )) > Hilb (ei(J) + (Z j fj , for all j. 
Proof. See that of [CaKuj Theorem 3.10. □ 

Definition 2.3. Let (S, e) be a ring with an embedding. We say that a i^-algebra R embeds 
into (S, e) and we write (R, S, e) if 7-L R C 7-L s . Moreover, we say that an ideal / of S is 
embedded if it is in the image of e. For simplicity's sake, we let again e(I) := e(Hilb (/).) 
for all homogeneous ideals / of R. 

Clearly, (S, e) embeds into itself and if R embeds into (S, e) then Hilb (R) = Hilb(S'), for 
there is an ideal I G Is with same Hilbert function as R, therefore Hilb (J) = 1 implies 
I = S. 

The above definition is motivated by the conjecture of Eisenbud, Green and Harris, which 
has been discussed in the introduction. When a regular sequence f of A = K[X\, . . . ,X n ] 
satisfies EGH, the Hilbert functions of homogeneous ideals in R = A/(f) are also Hilbert 
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functions of homogeneous ideal in S — B/(X 1 ^ 1 , . . . ,Xf r ). Equivalently Hr C "H 5 . The fact 
that Clements-Lindstrom Theorem holds for 5* tells us that R embeds into S. One of the 
reasons why EGH is important is that T-Lr C H s together with the fact that Clements- 
Lindstrom Theorem gives an embedding, allow to transfer certain results - (e.g. upper 
bounds on the number of generators, see Remark 12.51 - from S to R. 

Let now (S, e) be a ring with an embedding, and let / G Is- It is easily seen from |CaKu] 
Proposition 2.4 and Definition 2.3 (i) that the ideal e(/)ms is embedded i.e. e(e(/)ms) = 
e(I)m s . 

Lemma 2.4. Let R embed into {S,e) and let I G Ir. Then, mse(I) C e(rriR/). 

Proof. Since mse(/) is embedded and embeddings preserve poset structures we only need 
to show that Hilb (ms€(I)), < Hilb (e(tnR-O). or, equivalently, that dim^(S'ie(/)) ( i + i < 
dim K R 1 I d for all d > 0. Since e(I) contains e((Id)) and they agree in degree d, we have 
(Sie(I))d+i = (Sie((Id)))d+i and its dimension is smaller than or equal to that of e((/d))d+i- 
Now it is enough to observe that the latter has the same dimension as Rild- D 

Remark 2.5. There is point-wise inequality between the number and the degrees of minimal 
generators of a homogeneous ideal ICR and the ones of e(7), namely < /3^(e(/)). 

This inequality is equivalent to Hilb(//m^J) < Hilb (e(/)/m,ge(/)) , which follows immedi- 
ately from Lemma 12.41 

Proposition 2.6. Let R embed into (S,e) and let e± as in Theorem \2. 6 A Then R[Z] embeds 
into (S[Z],ei). Moreover, if I is a Z-stable ideal of R[Z] then 

Hilb (/ + (Z j )) > Hilb ( ei (J) + (Z j )) , for all j. 

Proof. Let / be a homogeneous ideal of R[Z]. By Proposition 11.71 there exists a Z-stable 
ideal of R\Z\ with the same Hilbert function as / so that we may assume that / is Z-stable. 
Now we write I as I(h)Z h and we let J be the ^-module <5)h&N e (hh))Z h . It is easy to 
see that J is an ideal of S, for e(/(o}) ^ e (-^(i>) ^ ' " " > and thus Hr[z] ^ Hs[z] ■ By Lemma 
I2.4[ mse(I(h+i)) ^ e (I{h)) which implies that J is Z-stable. We now have Hilb (/ + (Z 7 )) = 
Hilb(J+ (Z- 7 )) for all j and we can conclude the proof by applying Theorem 12.21 since 
ei (J)= ei (J). □ 

We conclude this section with a technical result we need later on. 

Lemma 2.7. Let R embed into (S,e) and let e\ as in Theorem\KM If I is a Z-stable ideal 
ofR[Z], then e(7) sat = ei(J) sat . 

Proof. First, we observe that ei(/) = ei(/)(o) is an embedded ideal of R by Theorem 12.21 
By Proposition ESI Hilb (/) > Hilb (eiCO) , hence e(7) D e(ei(/)) = ejj). Moreover, 
Hilb ( e (-^)) = Hilb (j^j = Hilb ^ei(/)^ for j by Lemma 11.31 from which we deduce 

that e(I)j = ei(/)j for j ^ 0. This is enough to complete the proof, since saturation of a 
homogeneous ideal can be computed by any of its sufficiently high truncations. □ 
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3. The main theorem 

In this section we illustrate our main result, which is stated in the next theorem. We say 
that (R, S, e) is (local) cohomology extremal if, for every homogeneous ideal I of R and all i, 
one has 

Hilb (K R (R/I)) < Hilb (Hi s (S/e(I))) . 

Theorem 3.1. Let (R,S,e) be cohomology extremal. Then, (R[Z], S[Z], ei) is cohomology 
extremal. 

By recursion, one immediately obtains the natural generalization to the case of m variables. 

Corollary 3.2. Let m be a positive integer and (R, S, e) be cohomology extremal. Then, 
(R[Z 1 , . . . , Z m ], S[Z 1 , . . . , Z m ], e m ) is cohomology extremal. 

Remark 3.3. Let A = K[Xi,...,X m ] be a polynomial ring over a field K, I C A a 
homogeneous ideal and L the unique lex-segment ideal of A with the same Hilbert function 
as I. It was proven in |Sb] Theorem 5.4 that 



Hilb (K A (A/I)) < Hilb (W mA (A/L)) , for all i. 

This result can be now recovered as a consequence of the above corollary, since any field K 
has a trivial embedding eo, so that (K, K, eo) and (A, A, e m ) are cohomology extremal. By 
part (i) in Example 12.11 we know that e m (I) is the lex-segment ideal L. 

For the proof of the theorem we need some preparatory facts. First, we observe that for 
any homogeneous ideal / of R[Z], 



(3 4^ J sat sat _ j sat 



since 7 sat and I coincide in high degrees because J sat and / do. 

It is not difficult to see that, if / is a homogeneous ideal of R, then for all i > 

Hilb (KxMZ\/mz\)\ = E Hil b (H l mR \R/i) 



m R[z] \ l 1/ l uj h V m « v ' Vfc+l' 

k>h 

cf. for instance |Sb2j Lemma 2.2 for a proof. As an application, when / is a Z-stable ideal 
of R\Z\ and i > one has 



(3.5) Hilb (Hi R[z] {R[Z]/I)) h = Hilb (K R[z] (R[Z]/I^)) h = £ Hilb (h*- r \R/I™ 

k>h 



fe+1 



which is clearly equivalent to 

(3.6) Hilb (H* (R[Z\/r)) = • Hilb (H£{R/PB)) , for i > 0. 

We shall also need the observation, yielded by (13.61) together with f!3.4p . that for a Z-stable 
ideal / of R\Z\ 

(3.7) Hilb (H* (R[Z\/I)) = E^' " Hilb (Hi- R \R/I^)) , for i > 1. 

i<o 
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Lemma 3.8. Let I be a Z-stable ideal of S[Z] and d > a fixed integer. Then, for all 
j = 0, . . . d, 



^Hilb(/ sat ) < VHilb(ei(7) sat 

k=0 k=0 

Proof. Let I d — Vd © Vd-\Z m © ■ ■ • © VoZ^ be a decomposition of Id as a direct sum of 
vector spaces. Since d ^> 0, we have that J sat = (I d ) sat which by Z-stability is (I d ) : Z^; 
therefore, 7 sat is generated by the elements in Voffi- • -©V^, which also generate in S the ideal 
jsat_ Moreover, cf. Remark 11.2( a). (I sat )d-j is exactly the vector space Vj, for < j < d. 
The same argument can be repeated for ei(7), since it is also Z-stable; therefore, the two 
terms which appear in the inequality that has to be proven are the values at d of the Hilbert 
function of J + (Z m ) J /(Z m ) J and e\(I) + (Z m y / (Z m y respectively, thus the conclusion follows 
now immediately from Theorem 12.21 □ 

Proof of Theorem Y3.1\ By Proposition 1 1 . 71 we may assume / to be Z-stable in order to prove 
our thesis 

Hilb (K r[z] (R[Z]/I)) < Hilb (H* (SWMI))) , for all i. 



i = For this case it is enough to recall that Hilb (R[Z]/I) = Hilb (S[Z]/ei(I)) and Propo- 
sition O yields Wlb{R[Z]/(I+ (#))) < Hilb (S[Z]/(ei(I) + (#))), for all j. Thus, for all 
j, Hilb(J : Z J /J) < Hilb (ei(7) : Z J /ei(/)) which is equivalent to our thesis if j is chosen to 
be large enough, as we already observed in Remark 11.21 (b). 

i = l If (R[Z]/ 1) = there is nothing to prove. Suppose then that this is not the 



case. Now, an application of (13.51) with d ^> and for all j < d yields 
Hilb (Hl Rm (R[Z\II)) = t Hilb « W7= 

J k=0 

(3.9) 



Hilb (/ sat sat ) - Hilb (/ 

fc=0 + ' k=0 



sal 



d+l-k 



Sl(I) S 2 (/) 



We now look at the terms appearing in the first sum. By Lemma 12.71 e(J) sat and ei(/) sat 
are equal, and thus (13.41) implies 



3 3 

sat 



E l( /) = Y. HUb (I— ) WM = £ Hilb (/»') < £ Hilb ( e( 7) 

^ ^q-j k=0 k=0 k=0 

= EHilb(^) Sat ) = E 1 (e 1 (I)), 



fc=0 



for Hilb^/ sat J < Hilb fe(J) sat J descends easily from the fact that (R,S,e) is cohomology 
extremal considering coho mo logical degree 0. Since S 2 (/) > S 2 (ei(J)) by Lemma (13.1 UP 
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now implies 

Hilb (Hl R[z] {R[Z]/I)) d _. = Ei(J) - S 2 (J) 

< E 1 (e 1 (/)) - S 2 ( ei (/))) = Hilb «, [z] (5[Z]/ ei (/)))^. 

and this case is completed. 

By ( 13.71) and being J2j<o& a series with positive coefficients, we are left to prove 



% > 1 



the inequality Hilb (H l mR (R/ J sat )) < Hilb (fl^S/e^I) sat )) for all i > 0, or its equivalent 
Hilb (Hl R {RfI)) < Hilb (Hi s (S/^(I))) for z > 0. By hypothesis, Hilb (H^R/I)) < 
Hilb(#; s (S/e(7))) for all i > 0, thus we may conclude if we know, and we do by Lemma 
12.7} that e(I) and ei(7) have the same saturation. 

Now the proof of the theorem is complete. □ 
4. A Lex-Plus-Power- type inequality for local cohomology 

Let A — B — K[Xx, . . . , X n ], let a = (f ) = (fx, ... , f r ) be the ideal of A generated by 
a homogeneous regular sequence f±, . . . , f r of degrees d± < • • ■ < d r , and let b C B be the 
ideal (X^, . . . , Xf"). As before, we let R = A/a and S = B/b and recall that, by Clements- 
Lindstrom Theorem, S has an embedding whose image set consists of the classes in S of all 
lex-segment ideals of B. Henceforth, such an embedding will be denoted by e c \. Thus, we 
may restate EGH in the following way. 

Conjecture 4.1 (Eisenbud-Green-Harris). Let f be as above. Then, R embeds into (S, e c {). 

At the moment there are few cases for which a proof of this conjecture is known, and 
are essentially contained in |ClLij . |CaMaj and [Chj . Yet, Evans wondered if the following 
far-reaching result on graded Betti numbers holds. 

Conjecture 4.2 (Evans' LPP). Assume that f satisfies EGH. Then, for all homogeneous 
ideal I of R and all i 

pfjR/I) := Hilb (Torf (R/I,K)) . < Hilb (Torf (S/e cl (J), K)) . =: P?AS/e cl {I)). 



Remark 4.3. With the terminology introduced in [CaKu2j . we may re-state the LPP 
conjecture by saying that, if f satisfies EGH then (R, S, e c \) is Betti extremal. 

The only case in which LPP is known so far is when f is monomial, see [MePeStj for a proof 
when di — • • • = d r = 2 and |MeMuj for a proof without restrictions on the degrees. The 
purpose of this section is to prove in Theorem 14.41 an analogous of the LPP conjecture when 
we consider local cohomology modules instead of Tor modules. Theorem 14.41 holds not only 
when f is monomial but also in all the cases for which EGH is known. More precisely, our 
assumption is to require that at least an Artinian reduction of A/(i) satisfies EGH. 

Let l\, . . . , l n _ r be a sequence of linear forms such that f,li,..., Z n _ r form an A-regular 
sequence, which always exists provided that K is infinite. After applying a coordinates 
change we may assume these linear forms to be X n , . . . , X r+ \. Let f £ A — K[Xi, . . . , X r ] 
be the image of f modulo X n , . . . , X r+ \. We also let B = A and b be the image of b in B. 
Finally, I c \ will denote the Clements-Lindstrom embedding of B/b. 
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Theorem 4.4. Assume that f satisfies EGH. Then, for all homogeneous ideal I of R. 

Hilb (K r (R/I)) < Hilb (#; s (S/e cl (/))) . 
In other words, (R, S,e c \(I)) is cohomology extremal. 

Proof. Let J be a homogeneous ideal of R and let J denote its pre-image in A. Clearly, 
(f) C J and, if we let u be the weight vector with entries Wj = 1 for all % < r and 
otherwise, then f 6 P : = in w (J). By hypothesis A/ (J) embeds into (£>/b,e cl ), and more- 
over being both rings Artinian (A/(f), B/b, e c ij is trivially cohomology extremal. Theorem 

13.11 now yields that (A/(i )A, S, e) is also cohomology extremal and e, which is obtained 
by extending e c \, is precisely the Clements-Lindstrom embedding e c \ of S, cf. part (ii) 
in Examples 12.11 By base independence of local cohomology and by |Sbj Theorem 2.4, 

Hilb (H^R/I)) = Ei\b[W mA (A/J)) < Hilb (h^ _^(A/P)\ Finally, since I has the 
same Hilbert function as the image of P in A/{f)A and (A/(i)A, S, e c ij is cohomology ex- 
tremal, we have Hilb (#4 A/(?) A ( A / P ) ) < Hilb { H L S ( S / e d(I)))) as desired. □ 

Remark 4.5. Clearly, if EGH were true in general then the assumption on f in Theorem 
14.41 would be trivially satisfied and (R, S, e c \) would be cohomology extremal. It is proven 
in |CaMaj that if f satisfies EGH then f does, whereas at this point we do not know about 
the converse. A simple flat deformation argument together with the results of [MeMuj and 
[MePeStj shows that LPP holds true when f is a Grobner basis with respect to some given 
term order r. We would like to point out that, under this assumption, the conclusion 
of Theorem 14.41 holds as well, and we prove our claim in the following lines. Let g = 
in T (fi), . . . ,m T {fr)- As in the proof of Theorem 14.41 by |Sbj Theorem 2.4 it is sufficient 
to bound above Hilb ^ (A/ in T ((f) + I))j. By hypothesis g form a monomial regular 

sequence in A, therefore it is easy to see that there are linear forms l±, . . . ,l n -r such that 
A/(g, li, . . . , l n -r) is Artinian and isomorphic to K[Xi, . . . , X r ]/ (Xf 1 , . . . , X^ r ), which has 
the Clements-Lindstrom embedding. Therefore, the sequence g in A/(li, . . . ,l n - r ) satisfies 
EGH, and thus, verifies the hypothesis of Theorem 14.41 which now yields what we wanted. 

5. Extremal Betti numbers and LPP 

In this section we show how to derive directly from Theorem 14.41 a special case of LPP for 
Betti numbers. Precisely, the inequality predicted by LPP holds for those Betti numbers 
which in the literature are called extremal, following |BaChPo"] . 

As in the previous section, let f £ A — K[Xi, . . . , X n ] be a homogeneous regular sequence 
of degrees d\ < ■ ■ ■ < d r . By extending the field we may assume that \K\ — oo and up to 
a change of coordinates, that f , X n . . . , X n _ r+ i form a regular sequence as well. Let / be a 
homogeneous ideal of A; the following definition was introduced in [BaChPo"] . A nonzero 
P^(A/I) = diuiK TorflA/I, K)j such that (5 rs = whenever r > i, s > j + 1 and s — r > j —% 
is called extremal Betti number oi A/I. A pair of indexes such that f3ij{A/I) is extremal 
is called a corner of A/ 1. The reason for this terminology is that extremal Betti numbers 
correspond to certain corners in the output of Macaulay2 [M2] command for computing Betti 
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diagrams. Let J be a homogeneous ideal of A and denote by Gin(J) the generic initial ideal 
of I with respect to the reverse lexicographic order, cf. |Gr2] and [M] for more details on 
generic initial ideals. The interest in extremal Betti numbers comes from the fact, proved 
in |BaChPo"] and [Tr], that A/ 1 and Aj Gin(7) have the same extremal Betti numbers, and 
therefore same corners. Since projective dimension and Castelnuovo-Mumford regularity can 
be computed from corners, this result is a reinforcement of the well-known Bayer-Stillman 
Criterion [BaStj . In the proof, one can use the fact that the extremal Betti numbers of Aj I 
can be computed directly from the Hilbert functions of certain local cohomology modules, 
and in particular from the considerations in |BaChPo"] or one can deduce that 

(5-1) fitj{A/I) — Hilb (h^2{A/I)\ 

when is a corner of Ajl. The above formula together with Theorem 14.41 immediately 
imply the following theorem. 

Theorem 5.2 (LPP for extremal Betti numbers). Let f satisfy EGH. Then, for all homo- 
geneous ideals I of R 

0*{R/T) < /3gOS7e cl (/)), 
when is a corner of S/e c \{I). 
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